
Biophysical Chemistry 29 (1988) 317-325 
Rtsevier 

317 

BPC 01242 

The onset of macroscopically detectable amplification 
of template concentration for self-replicating RNA 

Ariel Femhdez * 
The F&k Laboratory Princeton Uniuersity, Princeton, NJ 08544, U.S.A. and Max-Planck-Institut fiir Biophysikalixhe Chemie, 

Am Fa&erg, D-34@ Gattingen, I? R.G. 

I Received 10 September 1987 
Revised manuscript received 20 November 1987 

Accepted 26 November 1987 

Q/I-replicase; Template&structed replication; Biochemical kinetics; Stochastic center manifold treatment 

We calculate the strength of fluctuations in concentrations and rates for a self-replicating RNA system catalyzed by the QB-replicase 
at very low initial template concentration (l-lo3 strands/ml). The work is centered upon the derivation of the induction periods 
which must elapse in order for the rate-correlation sire to become comparable to a kinetic barrier determined by the width of the 
probability distribution about the invariant portion of the concentration space. This surface is identified by a center manifold and 
corresponds to the subordination of relaxing kinetic modes to the overall growth of the total (free and complexed) template 
concentration. The results are compared with the experimental data for the onset of a macroscopically detectable amplification of 
template concentration and a satisfactory agreement is observed. 

1. Intmdllction 

The RNA self-replicating system, a template- 
instructed synthetic pathway actively catalyzed by 
the Q/3-replicase [l-3], is perhaps one of the few 
realistic examples of a kinetic cycle with overall 
autocatalysis. We shall concentrate here upon the 
onset of macroscopically detectable amplification 
in the concentration of template. In this respect, 
intrinsic fluctuations in the early stages, when the 
initial number of template strands is very low 
(l-lo3 macromolecules/ml), are crucial since their 
effect will be amplified in time leading to macro- 
scopic consequences [3]. The aim of this work is to 
study a realistic experimental set-up and to de- 
termine precisely how the onset of a detectable 
synthetic rate arises. This point can only be clari- 
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fied if we are able to determine the rate-fluctua- 
tion correlations during the very early stages of 
replication. In this respect, any extrapolation from 
results on near-equilibrium thermal fluctuations is 
of no avail [4-81. The equilibrium law, variance = 
0(2”2) (where Z is the number of template 
strands), is not valid in our case of interest as will 
be proven in this work. When the size of fluctua- 
tions reaches a certain threshold value B, after an 
induction period has elapsed, the exponential 
growth of template concentration becomes detect- 
able. In order to interpret B properly, we must 
note that the probability function P is distributed 
along a locally attractive and locally invariant 
surface in concentration space: the center mani- 
fold (CM) [4-81. This surface represents the statis- 
tical subordination of the rapidly relaxing kinetic 
modes to the overall growth of the total (free and 
complexed) template concentration. The Gaussian 
width of P depends on the position on the CM, 
i.e., on the CM coordinate given by the total 
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template concentration. This fact enables us to 
calculate the initial critical template population 
which corresponds to a given induction period. 
Once the fluctuations attain the size of the Gaus- 
sian width, then the system restricts itself to the 
CM and thus to the statistical subordination of 
certain kinetic modes to the growth of the overall 
template concentration. At this stage, amplifi- 
cation of the template concentration becomes de- 
tectable. The ratefluctuation correlations are 
scaled with functions of the control parameters of 
the system in order to yield an adequate competi- 
tion between the deterministic drift towards the 
CM, provided by the replication kinetics [3], and 
the diffusion pressure given by the fluctuations 
[6,8]. From these scaling relations, we can derive 
the dependence of the induction periods on the 
substrate (nucleoside triphosphate, NTP) con- 
centration. This parameter enters in the expression 
for the averaged elongation rate constant for the 
formation of the phosphodiester linkage, i.e., for 
the elementary step: Ii + I”+r, where Ij is an 
intermediate complex with a chain of j nucleo- 
tides of the original template sequence. 

A remarkable feature which becomes apparent 
in this treatment is the extreme sensitivity of in- 
duction periods to the effective substrate dissocia- 
tion equilibrium constant. This characteristic is 
illustrated in fig. 2 and can be taken advantage of 
by estimating the equilibrium constant which 
yields realistic values of the induction period for a 
given initial template concentration (cf. ref. 2). 
The range of initial template concentrations under 
examination is l-lo3 strands/ml. As suggested by 
fig. 1, the dramatic changes in size of the con- 
centration fluctuations in this range imply that 
two different regimes can be clearly distinguished: 
(a) l-10 strands/ml and (b) lo’-lo3 strands/ml. 
In the first, the width of P about the CM is 
sufficiently large to yield detectable. induction 
periods, of the order of minutes, depending on the 
NTP concentration. The second. regime, however, 
corresponds to a probability distribution which 
behaves like a Dirac-delta function peaking at the 
CM and the dete rministic kinetics picture holds. It 
must be stressed, however, that even in this re- 
gime, the fluctuations are far greater than their 
near-equilibrium counterparts, the difference being 

three orders of magnitude for a typical concentra- 
tion of 10’ strands/ml. Significantly, such values 
were found in previous derivations making use of 
the stochastic CM theory as applied in a com- 
pletely different realm: The strength of the actual 
random source in the transition to a convective 
roll pattern in a Rayleigh-Bemud cell was found 
to be 6000~times larger than the value obtained for 
the thermal fluctuations [4,5]. 

At this point some words of caution are in 
order: The critical template concentrations ob- 
tained on inspection of fig. 2 must be interpreted 
as effective concentrations and not as actual con- 
centrations for the entire reacting mixture. This is 
so since fluctuations far from equilibrium are en- 
dowed with a local nature, in other words, they 
are confined to a virtual volume: The fluctuation 
correlation c does not scale with the inverse of the 
macroscopic volume, as is the case with near-equi- 
librium fluctuations; instead, its scaling is de- 
termined by the control rate parameters of the 
system (cf. section 4). 

2. The reaction scheme 

The templateinstructed RNA replicator is an 
autocatalytic system where a complex formed by 
binding of the template to Q&rephcase acts as the 
active catalyst [3]. The essential features of the 
replication mechanism are as follows: 

(a) Binding of the enzyme to the active site of 
the RNA template, i.e., to the 3’-end of the strand. 
This process is extremely fast, with a rate constant 
estimated to be lo7 s-l [2,3]. 

(b) Elongation steps. The replica is produced 
by progressive incorporation of nucleotides in the 
5’ -+ 3’ direction. At the final stage of this process, 
the enzyme appears to bind to the 3’-end of the 
replica and to the (inactive) 5’-end of the tem- 
plate. The sequence is copied by means of the 
complementarity bond pairing of nucleotides in 
the Pauling sense [2,3]: A-U and G-C. 

(c) Reactivation elementary step. This is 
achieved by release of the replica from the corn- 
plex at the final stage of the elongation process 
and further rearrangement of the inactivated com- 
plex so that the enzyme binds at the active end of 
the template strand. 
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We shall follow ref. 3 in order to implement an 
adequate reaction scheme for the exponential 
growth phase but we shall make a major modifica- 
tion’ wnceming the overall reactivation process: 
the effective rate constant associated with this 
process will be adjusted according to experimental 
evidence [9] and will prove to be two orders of 
magnitude smaller than the average rate constant 
for the polymer&ion elementary steps which 
constitute the elongation process. 

Let I, denote the free RNA and the first repli- 
cation complex which appears before the first 
phosphodiester bond is formed. There is no 
ambiguity in regarding both species as indis- 
tinguishable. The deterministic drifts for the elon- 
gation process correspond to the n - 1 elementary 
steps 

(0 
Where Ii is an elongation intermediate complex 
and the total template concentration (free and 
complexed) is 

n-l 

xs = c [I11 + ml (2) 
I-1 

We shall assume that the rate constant for each 
polymerization step is identical and given by: 

kj=k=k, PrJl 
[%I + KS 

where k, is the average rate constant for forma- 
tion of a phosphodiester linkage (kp = S SC’); K, 
is the average substrate association eqilibrium 
constant to be adjusted according to experimental 
data on induction periods and [$I, the effective 
substrate concentration. For the sake of simplic- 
ity, a palindromic RNA is assumed. Given the 
specific wmplementarity pairing which governs 
the replica formation, this simply means that the 
replica and template correspond to an identical 
strand. The necessary and sufficient wnditions for 
a strand to be palindromic are: (a) n is even and 
(b) the nucleotides in the strand are wmplemen- 
tar-y as we begin examining the strand from both 
ends simultaneously and move towards the center. 

We shall introduce an effective reactivation step 

which comprises replica release and rebinding of 
the enzyme to the active 3’-end of the template. 
Moreover, we shall assume that the process given 
by: 

I,% + I, (4) 

is rate-det ermining. This is a realistic assumption 
for the length of RNA considered in this work (cf. 
refs. 1 and 2): 120 nucleotides. We shall assign the 
value 6 x 1O-2 s-r to k, following ref. 9 and our 
calculations on induction periods will reveal that 
this value is appropriate. 

A detailed discussion of the mass-action kinet- 
ics governing the elongation and reactivation 
processes can be found in refs. 2 and 3. The 
validity of the Michaelis-Menten approximation 
in the polymerization steps is warranted by the 
very short lifetime of the complexes for bonds of 
the phosphodiester linkage [2,3]. 

The normal kinetic modes of the system will be 
obtained by taking into account the separation of 
relaxation time scales. The dominating mode is 
the overall template concentration (for free and 
wmplexed template), [I,]. Once the system has 
been reduced to a Poincar&Jordan normal form, 
where the subordinated modes are separated from 
the dominating mode although they may remain 
coupled to each other, the onset of a CM is given 
by the functional dependence of relaxing modes to 
the exponential growth of [I,]. To a first ap- 
proximation, this dependence is given by the 
adiabatic approximation familiar from standard 
chemical kinetics (see, for example, ref. 6). 

The implementation of a stochastic CM ap- 
proach for extremely low initial template con- 
centration (l-10 strands per ml) is only valid if 
the fluctuations can account for some essential 
kinetic features. Below [NTP] = 0.2 mM, the 
fluctuations must be so small that the induction 
periods for overwming the kinetic barrier are not 
reproducible under laboratory conditions. On the 
other hand, for [NTP] above 0.3 mM, they should 
be able to surmount the kinetic barrier and the 
predictions should reproduce the experimental lag 
times. 

In this respect fig. 1 is revealing: The fluctua- 
tions are negligibly small for [I,,] greater than lo3 
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strands/ml, thus it is expected that a deterministic 
kinetic approach would suffice to describe the 
phenomenology in this regime (cf. ref. 2). On the 
other hand, for [I,] in the range l-10’ strands/ml, 
the stochastic effects are conspicuous for [NTP] 
above 0.2 mM and negligibly small for [NTP] of 
the order of 0.2 mM or less. These facts are 
qualitatively in accord with the statements in the 
previous paragraph but a considerable amount of 
work is required to make the agreement precise. 

3. Center manifold theory 

In many instances, dissipative systems present 
a phase space contraction due to the statistical 
enslavement of some rapidly relaxing normal 
modes to the subordinating excited modes [4,5,7&l]. 
Such cases are best described by the center mani- 
fold (CM) approach which introduces the idea 
that the statistical subordination can be accounted 
for by restricting the probability density to a 
narrow strip along the CM. The CM is a locally 
attractive and locally invariant surface in phase 
space’ determined by a functional dependence of 
the relaxing degrees of freedom ,( X,,,j) to the sub- 
ordinating modes (&). The latter thus become 
the CM coordinates. The width of the strip de- 
pends on the position on the CM. In this formu- 
lation, the object of interest is the probability 
density function denoted P - P(X,, X&r) where 
X, is the vector of subordinating modes and X,, 
the vector of enslaved degrees of freedom. The 
basic ansatz in CM theory is that we can factorize 
P in the following way: 

P=Q,(x,,dxQ,($4K) (5) 

: In our particular case, of interest, we have X, = 
X, = [IO], the overall template concentration, and 
Q, has a deterministic drift given by the exponen- 
tial growth of [IO]. The conditional probability 
factor Q,(X, ) X,) accounts for the adiabatic ,fol- 
lowing or statistical .subordination of the relaxing 
kinetic degrees of freedom [6]. 

Th% induction periods for the onset of a macro- 
scopically detectable template amplification, i.e., 
for the onset of the exponential phase of repli- 
cation, are dependent on the following factors: 

(a) The average correlation, C, for the rate 
fluctuations in the normal rapidly relaxing kinetic 
modes. 

(b) The Gaussian width w for Q, about the 
CM. 

(c) The kinetic barrier to be overcome by the 
fluctuations. 

The dependence of the induction period on the 
nucleoside txiphosphate concentration, [NTP], is 
crucial if we hope to reproduce the experimental 
resuhs [1,2]. In order to derive this dependence 
theoretically, we shah proceed according to the 
following plan: 

(i) The starting point is a generic Pokker-Planck 
(FP) equation for P corresponding to a reaction 
scheme for RNA replication with an adjustable 
effective rate constant for the ratedetermining 
reactivation process of replica release. 

(ii) Making use of eq. 1, we integrate the FP 
equation for P along the CM, i.e., with respect to 
the relaxing degrees of freedom. Through this 
process we obtain a smeared FP equation. 

(iii) Introduce scaling relations among the 
kinetic parameters together with C and w in order 
to reduce the resulting equation to an adequate FP 
equation for Q,. By adequate we mean that the 
smeared FP equation should actually represent the 
restriction of the system to the CM, in other 
words, the deterministic drift in the smeared FP 
equation must yield the exponential growth of the 
total template concentration. This plan, once car- 
ried out, provides the required information regard- 
ing the dependence of c on [NTP] and allows us 
to calculate the size of fluctuations about the CM 
for [NTP] within the experimental range 0.1-0.5 
mM and [I,] in the range l-lo3 molecules/ml. 

We shall follow standard notation and denote 
by X the concentration vector (for each species, 
the concentration is given by the number of mole- 
cules per unit volume) and by rkj (k = 1,. . . , M, 
j-l,..., N), the’ stoichiometric coefficient of the 
j-th species in the. kth elementary step. Let T be 
the transformation associated with the local CM. 
This transformation is defined by: 

T(t) = T= (b,), T: X+ Y- 
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where X, is the vector of the excited modes and 
X,, that of the subordinated degrees of freedom. 

This means that the Jacobian matrix in the Y 
representation, UT-‘, is in Poincar&Jordan nor- 
mal form, or, in other words, that the excited 
modes and the subordinated degrees of freedom 
have been separated. The term J denotes the 
Jacobian matrix in the X representation. 

If C represents the fluctuation covariance for 
the original system, we shall show that the fluctua- 
tion covariance in the Y representation is given by 

C= T(E)’ 

where 

(7) 

C= kN)f,(r)>) (8) 

Each replica in the ensemble is defined by 
specifying the following small parameters: 

(i) The Gaussian width of the probability den- 
sity,about the CM. 

(ii) The real part of the eigenvalues of J which 
are on the right-hand side of the imaginary axis. 

(iii) The scaling factor for the covariancc ma- 
trix for internal fluctuations. This factor will be 
denoted L-‘. 

Some explanation is in order: the far-from- 
equilibrium fluctuations which trigger the onset of 
the CM cannot be scaled with the thermodynamic 
volume [I, rather, the volume to which they are 
confined is a virtual volume, W, with W/V= L-l. 
The swli.ng factor L-’ is introduced to display 
explicitly the relative size of the terms which ap- 
pear in the smeared FP equation for Q,, leading to 
an equation of continuity for the flow of probabil- 
ity about the CM. 

We now need to prove eq. 7 in order to ensure 
that if C is of order L-‘, then d is also of order 
L-l. 

The equation for the deviation of the ensemble 
average x=X- (X) is 

i = J(t)r +f(t) (9) 

Or, alternatively, denoting y = Y - (Y): 

$= (TJT-‘)y+ Z--(t) (10) 

Thus, eq. 7 can be readily demonstrated by noting 

that 

= : binb&&)S(t-t’) (11) 
n,m-1 

Thus, the explicit form of the covariance in the 
Y representation is 

C,,(t) =L-‘E 5 vkivkjbinbjm(v~ + vi) 
k-l n,m=l 

(12) 
where v: and vi designate the forward and re- 
verse rates for the k-th elementary step, respec- 
tively. 

The strength of internal fluctuations is de- 
termined by the fact that we should allow for a 
continuous flow of probability about the CM. 

To fix the notation, we shall denote the number 
of subordinating modes by S and the number of 
enslaved degrees of freedom by F. 

The FP equation for P integrated along the 
CM has the general form: 

L. ( a$’ xs,x,J) dx, 

03) 
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In order to carry out this integration, we need 
the explicit form of the factor Q/: 

Qf=Q/($Ix,) 

(14 
where 5(X,) = 2, j represents the CM equation, 
the Gaussian width is given by wj = (2gi)-“’ and 
the coefficients gj must be determined so that the 
time evolution of the probability density Q, corre- 
sponds to the exponential growth of the total 
template concentration. 

We shall introduce the following scaling rela- 
tion: 

7 = L-Vt 05) 

and denote &X,,r) = Q,(X,,t). 
Thus, the smeared CM-reduced FP equation 

has the general form: 

06) 

4. Center manifold kinetics 

The specific form of the reduced FP CM equa- 
tion is: 

%P= a,,O,(LrI,lP) + fc,8;1,]2~ (17) 

where A, is the damping constant (in this case 
positive) corresponding to the subordinating ei- 
genmode. The eigenvalues can be obtained follow- 
ing the canonical diagonalization procedure for 
the Jacobian of the kinetics given by eqs. 1-4. 
This process has been described extensively in ref. 
3. In our case, some complications arise in the 
computation, since not all the effective rate con- 
stants for the elementary steps are equal, as in the 
model for the exponential growth phase presented 
in ref. 3. In a realistic model, the reactivation step 

has an effective rate constant two orders of magni- 
tude smaller than the elongation rate constants. 
Nevertheless, since n is large, we find the follow- 
ing asymptotic relation following the computation 
given in ref. 3: 

A 
” 

_ 2 ( kjk:-j)l’n 
-;_1 &++ 1) V’“- v--- 08) 

The reduction of the general equation (eq. 13) 
to yield eq. 17 requires not only making use of 14 
but also introducing certain scaling relations in 
order to display the relative size of the terms 
which appear upon integration along the CM. If a 
variable generically denoted by X is of order L”, 
then we shall represent X as X= LOX,. We now 
demonstrate that eq. 13 reduces to eq. 17. If we 
adopt the following scaling of small parameters: 

A, = O( L-q 

7 = L-‘/3t (dimensionless time) 

I?= O( L--l) 
(1% 

tj = averaged Gaussian width = O( L-1’2) 

The scaling relations are introduced, since we 
need to show that by making use of the factoriza- 
tion of P in a timedependent factor and a condi- 
tional probability, we obtain a reduced FP equa- 
tion whose deterministic drift is given by the 
exponential growth of the total template con- 
centration. This reduced FP equation must be 
obtained upon integration of the initial FP equa- 
tion for P along the CM. This means that certain 
terms shou_ld be neglected in the integrated equa- 
tion for P as being higher order in L- ‘. The 
elimination of such terms should allow for a con- 
tinuous flow of probability about the CM, i.e., we 
end up with a diffusion pressure about the CM 
given by the fluctuation correlations of the sub- 
ordinating mode only. 

Thus, making use of eqs. 13 and 14, we obtain: 

a,l?= ax,{(R,L-1’3X,+ O(L_1))B) 

-“S(( 
m-1 

klL-“3XS + O(L_1)) yv-) 
m 

n-1 
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where Cm, I 

is short for C,,,,,_,, and k, = (A,),. 
This equation reduces to eq. 17 to order L-‘I’ 

if and only if the probability density is distributed 
about the CM according to the formula: 

g, = { L/(Kzm~)}Polz (21) 
where M = 1 s2 and 

x 
m 

= i (k’k:-‘)l’n 

j_1 n-j+1 

x (21’” cos(2am/n) - l}n-j+l 

The induction period is given by [lo]: 

(22) 

(23) 

where I? denotes the average fluctuation correla- 
tion, B the size of the kinetic barrier and W is 
given by: 

W=j;__ ,Q,(x,lX,(t=O))dXf (24) 
I / == 

The size of the barrier B will be regarded as an 
adjustable parameter and also the equilibrium 
constant KS. The value given in ref. 3 for the latter 
parameter will not be adopted, since the experi- 
mental set-up discussed in ref. 1 is different from 
that of ref. 3 with respect to the RNA species 
involved. The remaining kinetic parameters are as 
follows [l-3]: n - length of the chain = 120; k, = 
5 s-‘; [NV] as specified in the legend to fig. 1. 
The Michaelis-Menten constant KS is obtained 
through making use of the working equations, eqs. 
14,19,21 and 23 and using as input the following 
experimental data [1,2]: 

Thd([NTP] = 0.5 mM) = 35 min 

IImd([NTP] = 0.20 mM) = 350 min 

A straightforward calculation gives: 
B = 4.40 x lo3 molecules ml-’ s-l 
K, = 6.10 x 1O-3 

log (tsmp1. cone.) 
Fig. 1. Center manifold calculation of far-from-equilibrium 
fluctuations in template concentration for the experimental 
set-up p-ted in ref. 1. The abscissa is given on a log?uith- 
mic scale, the template concentration btig in number of 
molecules per IX++. The ordinate is also given on a logarithuk 
scale with the fluctuation size being in number of molecules 
per &. (Curve a) [NTP] = 0.10 mM, (curve b) [NTP] - 0.20 
mM, (curve c) [NTP] = 0.30 mM, (curve d) [NTP] = 0.50 mM. 

Note that this last value is one order of magnitude 
larger than that given in ref. 3. 

Since KS > [NTP], we have,from eq. 19: i?a 
[NTP13. Therefore, for B Q: C (which holds at 
[NTP] of the order of 0.5 mM, see fig. 1) we 
obtain: 

(25) 

This derivation is in very good agreement with the 
empirical law: Tr_ a [NTP]-2.75. 

Table 1 

[NTP] dependence for induction periods 

W-W W’4 Tim., (min) 
Tllcorctical ~l%qnxlmcntal 

0.50 46 35 
0.30 159 120 
0.20 405 350 
0.15 -700 w 
0.10 - 2glm * 
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Making use of the results displayed in fig. 1, we 
can now calculate the lag times theoretically as 
shown in table 1. We observe that the values lie 
within the region of scattering corresponding to 
the experimental uncertainty and that they corre- 
late well with the experiment [1,2]. 

5. conelusion 

Very few treatments following the so-called 
‘thermodynamics of irreversible processes’ have 
effectively attempted to evaluate the intensity of 
far-from-equilibrium fluctuations. Such ap- 
proaches are essentially based upon Onsager’s es- 
say of 1931 on the near-equilibrium reciprocity 
laws [ll]. Making use of a stochastic CM reduc- 
tion, one can show that extrapolations from the 
near-equilibrium realm, introducing a Langevin 
source into the phenomenological equations, are 
of no avail whenever there is an adiabatic follow- 
ing of subordinated macroscopic degrees of free- 
dom [4]. Thus, in the transition to a convective 
roll pattern for a Rayleigh-B&nard cell, the strength 
of far-from-equilibrium fluctuations is three orders 
of magnitude greater than their equilibrium coun- 
terparts. 

In the dynamics of RNA replication catalyzed 
by Qp-replicase ‘contaminated’ with traces of 
template, a similar situation holds. For instance, 
at an initial concentration of lo2 template 
strands/ml, we find again that the fluctuations in 
total template concentration are three orders of 
magnitude greater than their equilibrium counter- 
parts. The laws variance = O( Z’12) (with Z = total 
number of template strands) breaks down. This is 
indicated by eq. 21. 

Upon inspection of fig. 2, we can derive the 
initial template concentration which yields an ex- 
perimentally measurable induction period [1,2]. 
The results listed in table 1 were obtained via 
extrapolation to an initial concentration of 1 
strand/ml and evidently fit satisfactorily the ex- 
perimental findings. Fig. 2 (curve a, upper branch) 
reveals that such a procedure is correct for a 
realistic NTP concentration of 0.5 mM if we com- 
pare vis-a-vis the corresponding experimental re- 
sult shown in table 1. 

1.0 

1 
0.8k 

-iE 0.6 I\ 

log n 
Fig. 2. Induction period as a function of the initial template 
concentration. Abscissa: n - number of template strands/ml; 
ordinate: induction periods given in fractions of 1 h (Curve a) 
[NTP] = 0.5 mM, upper branch: K, - 6.1 x 10m3, lower branch: 
K,=2.0~10-~. [3]. (Curve b) [NTF’j-0.7 mM, KS=6.1x 

10m3. (Curve c) [NV] - 1.0 mM, KS = 6.1 x 10e3. 

The extreme sensitivity of the rate self-corre- 
lation, f?, to the value of the effective substrate 
dissociation equilibrium constant, KS, manifests 
itself in the difference between the two branches 
for curve a in fig. 2: the KS value from ref. 3 is 
one order of magnitude lower than that for the 
experimental set-up in ref. 2, as determined in this 
work, and yields unrealistically low values of Tti. 
Thus, the relevance of our treatment in deriving 
the eqtilibrium constant KS becomes apparent. 

It should be stressed once more that the critical 
template concentrations obtained from fig. 2 
should be interpreted as effective or virtual con- 
centrations and not as the actual concentrations 
for the reacting mixture. This is so since the 
rate-fluctuation correlation c does not scale with 
the inverse of the thermodynamic vohnne, as is the 
case near equilibrium. Instead, the fluctuations are 
local in nature [lo], i.e., they are confined to a 
virtual volume and their correlation scales with 
the control rate parameters of the system as de- 
termined by eq. 19. A self-consistent derivation of 
virtual volumes, in the spirit of ref. 10, is very 
involved and will be given in a forthcoming paper. 



A. Ferndn&z/RNA self-replication 325 

Acknowledgements 2 

The later stages of this work were supported by 
the Alexander von Humboldt Foundation. En- 
lightening conversations with Professor Manfred 
Eigen and Doctor Cristof. Biebricher are gratefully 
acknowledged. 

3 

4 
5 

6 

References 

1 M. Sumper and R. Lute, Proc. Natl. Acad !ki. U.S.A. 72 
(1975) 162. 

8 
9 

10 
11 

C.K. Biebricher, M. Eigen and R. Lute, J. Mol. Biol. 148 
(1981) 391. 
C.K. Biebricher, M. Eigen and W. Gardiner, Biochemistry 
22 (1983) 2544. 
A. Femtidez and H. Rabitz, Phys. Rev. A 35 (1987) 764. 
V.M. Zaitaev and MI. shliomis, Zh. Eksp. Tcor. Fiz. 59 
(1970) 1583 (Sov. Phys. JETP 32 (1971)) 866. 
A. Femkndea, J. Chem. Pbys. 83 (1985) 4488. 
A. Femkndez, Phys. Lett. A, 119 (1986) 168. 
J. Marsden, Bull. Am. Math. Sot. 79 (1973) 537. 
C.K. Biebricher, Chem. Ser. 26B (1986) 51. 
A. Fehdez, Ber. Bunsenges. Phys. Chem. 91 (1987) 159. 
C. TruesdeIl, Six lectures in modem natural philosophy 
(Springer-Verlag, Berlin, 1966) Lecture III. 


